Abstract. Any Z 2 -graded C * -dynamical system with a self-adjoint graded-Kubo-MartinSchwinger (KMS) functional on it can be represented (canonically) as a Z 2 -graded algebra of bounded operators on a Z 2 -graded Hilbert space, so that the grading of the latter is compatible with the functional. The modular conjugation operator plays a crucial role in this reconstruction. The results are generalized to the case of an unbounded graded-KMS functional having as dense domain the union of a net of C * -subalgebras. It is shown that the modulus of such an unbounded graded-KMS functional is KMS.
Introduction
The notion of a super-Kubo-Martin-Schwinger (KMS) functional [8] and more generally a graded-KMS functional [2, 10] have been introduced mainly in connection with the observation of their importance to cyclic cohomology theory [3, 9, 10] . As advocated in [11] , the super-KMS functionals seem to be the appropriate substitute for elliptic operators when one passes from finite-dimensional to infinitedimensional and (or) from commutative to noncommutative geometry, in the sense of [4] .
A prototype for a graded-KMS functional on the algebra of bounded operators on a Z 2 -graded Hilbert space is given by a regularized supertrace
with ρ -an even positive trace-class operator. Such functionals appear in finitevolume supersymmetric quantum field theories in thermal background and have been used to define the Witten index [12, 16] .
In an abstract C * -dynamical setting the graded-KMS condition is a natural supersymmetric generalization of the KMS condition. It is defined with respect to a grading γ of the C * -algebra A and a continuous one-parameter *-automorphism group α t , commuting with γ . Namely ω is a graded-KMS functional on A if it satisfies
for any analytic with respect to α t element a ∈ A and any b ∈ A. The grading γ acts as b → b γ := b + − b − , where b ± are the even and odd parts of b, respectively, and α i (a) is the value of α z (a) at z = √ −1 . As shown in [15] , condition (1) arises naturally in the case when ω is a faithful normal (nonpositive) self-adjoint functional on a von Neumann algebra A. More precisely there exist a canonical σ -weakly continuous one-parameter group α t (the "modular group") and a canonical Z 2 grading γ on A, commuting with the automorphism group, and ω is graded-KMS with respect to them. Furthermore, in complete analogy with the standard Tomita-Takesaki theory, (where ω is assumed positive instead of just self-adjoint,) the canonical automorphism group and grading are the unique ones (with certain properties) with respect to which ω is graded-KMS.
A more general notion was studied in [2] -that of a twisted-KMS functional. The defining relation (1) is the same but γ is now an arbitrary *-automorphism, not necessarily an involution. It was shown in [2] that some of the results proven for von Neumann algebras in [15] remain valid in the more general C * setting and when "graded" is replaced by "twisted". In particular, if ω is twisted-KMS, its modulus, which is a positive functional, is KMS (when normalized to one).
The regularized supertrace, as a prototype for a graded-KMS functional, has two additional properties. It is self-adjoint, i.e., it is real on self-adjoint elements of A. In addition, the grading of the Hilbert space H = H + ⊕ H − is compatible with the functional ω. By the latter we mean that for any projection e ∈ A (the weak closure or double commutant of A), ω(e) 0 if rane ⊆ H + and ω(e) 0 if ran e ⊆ H − .
It is interesting to find out the extent to which the regularized supertrace is a generic example of a graded-KMS functional. The present paper tries to answer this. In other words, we study the following question: given an abstract Z 2 -graded C * -algebra A with an action of a continuous one-parameter *-automorphism group α t , preserving the grading and a self-adjoint graded-KMS functional ω, can we represent A as a Z 2 -graded algebra of operators on a Z 2 -graded Hilbert space H, so that the grading of H is compatible with ω and the grading of A is induced from that of H? Further, is ω a regularized supertrace in that representation? Another way is to say that we would like to reconstruct an abstract Z 2 -graded C * -dynamical system with a graded-KMS functional on it, and we notice that the grading of the Hilbert space is encoded in the functional, not in the grading of the algebra, and in any "good" representation the grading of the algebra should be the one induced from that of the Hilbert space.
